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$0. INTRODUCTION 
WE SHALL present here an automorphism theorem for spectral sequences leading to topoligical 
results such as the following: 
THEOREM 0.1. Let FL Es B be a jibre space of l-connected C W-complexes of finite 
type, and letfi E + E be afibre map inducing a homotopy equivalence (e.g. the identity) in the 
base. Then tff* : i,(H,(F)) + i,(H,(F)) is an automorphism, thenf is a homotopy equivalence. 
Inparticular, tf i induces zero in reduced homology, then f is a homotopy equivalence. 
THEOREM 0.2. If X and Y are l-connected CW complexes of finite type andf: X-P Y, 
g : Y+ X induce isomorphisms of the stable homology classes, then f and g are homotopy 
equivalences. 
81. DEFINITIONS 
The main reason for requiring finite type (i.e. each homology group is finitely generated) 
in the previous theorems is that the spectral sequence automorphism theorem will not be 
stated in terms of general automorphisms but rather in terms of the following type of auto- 
morphism : 
DeJinition. If G is an abelian group andf: G + G is an automorphism then f is apseudo- 
identity if and only if, for each x E G, x,f(x), f (f (x)), . . . are contained in a finitely generated 
subgroup of G. 
In particular, if G is finitely generated, then pseudo-identity isthe same as automorphism. 
But in general it is not so. 
Example 1.1. Let G be a free abelian group on generators w, for all integers n. Let 
fi G + G be given byf(o,) = o,, + I . Then f is an automorphism but not a pseudo-identity. 
We point out that the notion of pseudo-identity is similar to that of “locally algebraic” 
automorphism of vector spaces (cf. Kaplansky [4]). 
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Convention. Henceforth “polynomial” will always mean manic polynomial with con- 
stant term f 1. If P is a polynomial and f: G + G then P(f) : G -+ G where by f” we mean 
fof . . . (n) . . . 0J If P and Q are polynomials P(f) 0 Q(f) = (P . Q)(f). 
Convention. Iff: G -+ G and H c G is a subgroup such that f (H) c H, f 1 H will always 
mean the map H + H. 
Characteristicproperty of pseudo-identity. Letf: G + G be any homomorphism. Then f 
is a pseudo-identity if and only if for each x E G there is a polynomial P, such that P,(f )(x) = 0. 
Proof By definition {f”(~)}z=~ generates a finitely generated subgroup H of G. Then 
f IH is an automorphism of finitely generated groups so there is a characteristic polynomial 
P, for f IH. Then P,(f)(x) = 0. 
Conversely, assume P, exists. Iff (x) = 0, f”(x) = 0 for n> 1. Butf O(x) = x so we have 
0 = P,(f)(x) = +x. Thus f is a monomorphism. For x E G let Q, be such that f. Q,(f) = 
P,(f) - P,(O). Then f (Q,(f )(x)) = P,(f)(x) - P,(O) * x. Letting y = Q,(f)(x), we have 
n-1 
f(y) = +x. Thus f is an isomorphism. Finally, assume P,.(t) = c ri t’ + t”. Then 
i=O 
n-1 n-1 
0 = C r&x) +f”(X) SOf"+'(X) = -igorif'+l(X). 
i=O 
Thusf”+‘(x) is in the subgroup spanned by x, f (x), . . . , f”(x). Similarlyf’(x) is for all r. Thus 
f is a pseudo-identity. 
We recall a few facts about the Hurewicz homomorphism h. h: z,, + H, is a natural 
transformation defined as follows: if a E x,(X) then there is some mapfi S” + Xrepresenting 
~1. Let 1 E H,(F) be the fundamental class, then h(cl) = f,(z) E H,(X). A homology class in 
the image of h is called spherical. 
If A is a spectrum we have h: Z,(A) -+ H,(A) similarly defined. We denote by C,(A) 
the coimage (or image) of h. If X is a space let SX be the spectrum whose nth space is S”X. 
Then define C,(X) = C,(SX). C,(X) is not the coimage of h: n,(X) + H,(X) but is the co- 
image of h: n,+,(SrX) --, H,+,(SX) N H,,(X) f or r sufficiently large. C,(X) is the graded 
group of these coimages-the stable spherical classes. (They may be thought of as both 
homology and stable homotopy classes.) 
Convention. By a spectral sequence {E;, , d’} we shall always mean one in which 
E;,, = 0 ifs or t is negative ; that 8: E,‘,, f_-r + El, *- 1 ; and further that 
O-+Ez,o 0 %,,-+ E$-+Tor(Ez- 1,o, E&)-+0 
is exact and natural with respect to maps of such spectral sequences. 
THEOREM 1.2. Let f: E;, + E;, be a map of such spectral sequences with f IEf, o a 
pseudo-identity. Iff IE:, t is a pseudo-identity for t < n then f IE:, t is also for t < n. 
Proof. This follows immediately from the fact that if the following diagram commutes 
and has exact rows 
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O+A ---%B&C---+O 
o_~,PJ_lr c-o 
then iff’ and f” are pseudo-identities so isf. We prove this by using the characteristic prop- 
erty: if x E B let y = q(x) E C. Then there is a polynomial PY with P,,(f “)(y) = 0. But 
P&f”)(y) = qP,,(f)(x) so if z = P,,(f)(x), q(z) = 0. By exactness there is some w withp(w) = z. 
Then there is some polynomial P, with P,(f)(w) = 0 so 
0 = pPw(f ‘X4 = Pw(f G(w)) = Pw(f )(z) = Pw(f)(P,Cf)(x) = (Pw * Py)(f )(x). 
Thus if P, = P, * PY , P,(f)(x) = 0. Thus f is a pseudo-identity. 
4. THE MAIN THEOREM 
THEOREM 2.1. Let E;, be a spectralsequence andf: E’ + E’be a map of spectralsequences 
such thatfi E& + E&, is a pseudo-identity. If f ]E& is a pseudo-identity hen f jEi* is also. 
Hence f 1 E& and f IE,“, are pseudo-identities. 
Proof. We shall prove by induction on n that f jE& is a pseudo-identity for t I n. 
Since this is true by hypothesis for n = 0, it will suffice using Theorem 1.2, to prove that if 
f jE& is a pseudo-identity for t < n, then f IE,$, is also. 
We thus assume that f IE& is a pseudo-identity for t < n. Let x E E& . Let E E Eg” be 
the image of x. Since f 1 Ez” is a pseudo-identity, there is a polynomial P such that P(f)(Z) = 0 
in Eg . This is the same as saying that P(f)( x is a boundary. Assume P(f)(x) = d*(y) where ) 
wethinkofy E Etn-k+l, for k as small as possible We interpret k = 1 as meaning P(f)(x) = 0 
in E& in which case we have found a polynomial satisfying the characteristic property. 
Observethatifz=P(f)(x)andQisapolynomialsuchthatQ(f)(z) = O,then(Q-P)(f)(x) =O. 
Thus it suffices to find such polynomials only for those elements in E& which are boundaries. 
Assume inductively that for some r 2 2 for every x E E& which is an (r - 1)-boundary 
there is some polynomial P with P(f)(x) = 0. Now assume x,, = d’(y). Since r 2 2, n - r f 1 
< n sof IEzn-,+l is a pseudo-identity so there is a polynomial Q such that Q(f)(y) = 0. 
Thus 0 = d’(Q(f)(y)) = Q(f)d’(y) = Q(f)(x,J in E&,. Thus Q(f)(x,,) is an (r - l)- 
boundary so by induction there is a polynomial R with R(f )( Q(f)(x,)) = 0 so (R - Q)(f)(xJ 
= 0. Hence polynomials exist for all boundaries in E& and hence for all elements in E&. 
Thus f IE& is a pseudo-identity and so f IE,“, is also and the theorem is proved. 
$3. APPLICATIONS 
We now look at two spectral sequences to interpret these results. First using the I- 
connected Serre spectral sequence [S] we have that if FA E 5 B is a fibre space and F, E, B 
are simply connected then there is a spectral sequence in which E& = II&B; H,(F)) and 
EF* is a graded group related to II,(E) and the edge homomorphism 
H,(P) = E& +E,“, c H,(E) is i, : H,(F)--,H,(E). 
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Then Theorem 2.1 says this: 
THEOREM 3.1. Assume FAEAB is as above and 
Fh’F 
is a homotopy commutative diagram where g* : H,(B) -+ H,(B) is a pseudo-identity. Then tf 
f* : i,(H,(F)) -+ i&H,(F)) is a pseudo-identity, then so is f* : H,(F) --f H,(F). Hence zf E is a 
C W complex, then the Whitehead Theorem (cf. [6]) makes f a homotopy equivalence. 
Theorem 0.1 is an immediate consequence of Theorem 3.1. 
We now look at the spectral sequence constructed in [3] by Kahn and in [I] by the 
present author. (It was used in [l] to give some decomposition results about the homotopy 
of spectra.) Let X be a convergent spectrum (i.e. rci(X) = 0 for i sufficiently small). Let K 
be the Eilenberg-MacLane spectrum with ni(K) = 0 for i # 0, q,(K) = 2. Then there is a 
spectral sequence with Ef, = H,(K;Tc*(X)) and E,“, gives the quotients in a filtration of 
H*(X). Furthermore, the edge homomorphism 
n*(X) = E;, ---* E,” c H,(X) 
is the Hurewicz homomorphism. Hence E,“, N C,(X). 
If f: X + X then we have induced a map of spectral sequences which is the identity on 
Et,, is n*(f) on E& and is C,(f) on E,“,. Thus 
THEOREM 3.2. Zf X is a convergent spectrum andf: X + X is such that C,(f) is apseudo- 
identity, then so are n*(f) and H,(f), so f is a weak homotopy equivalence. 
If we take X to be of finite type we may replace pseudo-identity by automorphism so 
that 
THEOREM 3.3. Zf X and Y are convergent spectra of finite type and f: X + Y and 
g: Y + X induce C,-isomorphisms then they are weak homotopy equivalences. 
This result was announced in [2]. 
Then using the Whitehead Theorem, we conclude Theorem 0.2 by setting X = SX, 
Y=SY. 
We note further that in Theorem 3.2 (hence in Theorem 2.1) we may not replacepseudo- 
identity by automorphism: 
Example. Let S be the sphere spectrum, K the Eilenberg-MacLane spectrum. Let 
Xi=S i<O, Xi=K i>O. Letfi:Xi-+Xi+, be the identity for i J: 0. Let fO: X, + X, 
represent the generator of n,(K). Hence C*(fO) is an isomorphism but H,(f,) is not. Then 
let X = VX, and f: X -+ X be Vfi . C,(f) is an automorphism but not a pseudo-identity (see 
Example 1 .l). But H*(f) is not an automorphism. 
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Hence pseudo-identity and not automorphism is the correct notion for this context. 
We have another interpretation of Theorem 0.2. 
Definition. If X and Y are finite C W complexes we will write X E Y if for some n there 
is a homotopy equivalence8 S”X + S” Y; we will write X < Y if for some n there is a map 
f, S’X + S” Y inducing a C,-isomorphism. 
COROLLARY 3.4. 5 is a partial ordering of 3 classes of$nite C W complexes. 
If G is an abelian group let M(G, n) be a space with trivial homology in every dimension 
except n and H,(M(G, n)) = G. Let K(G, n) be the space with trivial homotopy in every di- 
mension except n and n,(K(G, n)) = G. If G, = (G,, G,, . . .) is a graded abelian group let 
M(G,) = ? M(G,, n), K(G,) = 6 K(G,, n). Then if X is a finite C W complex of dimension 
II=1 n=l 
r, let K’(C,) be the (r + 2)-skeleton of K(G,). Then it is clear that 
M(C,(X)) 5 XI K’(C,(X)). 
So there are minimal E classes and if we restrict the dimension, there are also maximal 
ones. 
We wish to point out that Theorem 2.1 may of course be dualized and stated for a 
cohomology type spectral sequence. We can then dualize Theorem 3.1 by stating that if 
h*: H*(F) --t H*(F) and f * Ip*(H*(B)) are pseudo-identities, then so is f *. 
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